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Starting from a single resonant rf cavity, disk-loaded travelling (forward or backward) wave accelerating
structures' properties, such as the coupling coefficient K in the dispersion relation, group velocity Vg,
shunt impedance R, wake potential W (longitudinal and transverse), the coupling coefficient {3 of the
coupler cavity and the coupler cavity axis shift 8r which is introduced to compensate the asymmetry caused
by the coupling aperture, can be determined by rather simple analytical formulae.
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1 INTRODUCTION
Conventional theory of a travelling wave accelerating structure starts from a cylin-
drical waveguide where the phase velocities of the electromagnetic fields (em field)
are always larger than that of light. In order to reduce the em fields' phase velocities
diskes are introduced into the waveguide, and this is the so-called disk-loaded waveg-
uide as shown in Fig. 1. The disadvantage of this point ofview is that it is difficult to get
d




simple analytical formulae to describe the structure properties. In this paper, on the
contrary, the above mentioned disk-loaded structure is regarded as a chain of coupled
resonant cavities. The basic element of this slow wave structure in the new perspective
is a resonant cavity instead of a cylindrical waveguide. The coupling are executed by
the aperture (or apertures) located on the common wall between two adjacent cavities.
In section 2 the main properties of a pill-box cavity will be reviewed in detail. In
section 3 based on the perturbation method the analytical formulae of the coupling
coefficient K in the dispersion equation and group velocity vg are developed and com-
pared with numerical results. In section 4 shunt impedance R and wake potential W
(longitudinal and transverse) are calculated analytically and compared with numeri-
cal results. Section 5 is devoted to the study of the coupler cavity of a travelling wave
structure, and finally, multi-periodic structure is discussed in section 6.
2 SINGLE PILL-BOX CAVITY
The resonant modes in a pill-box cavity as shown in Fig. 2 can be classified into two
groups: T M mnl and T E mnl modes. A charged particle passes through a pill-box cavity
will be influenced by the em fields. Panofsky and Wenzel! proved a theorem which
says that if a charged particle at the speed of light passing through a closed cavity of
arbitrary shape containing em fields, the transverse kick experienced by this particle
can be expressed as:
- iq l h -P.l == - dz[V'.lEz(z, t)]t=z/c
Wo 0
where q is the electrical charge and Wo is the angular frequency of the mode corre-
sponding to E z (z, t). It is obvious that T Emnl modes have no influences on the par-
ticle either longitudinally or transversely if this particle crosses the cavity along the z
axis. Our attention, therefore, will put on T M mnl modes only.
2R
FIGURE 2: Pill-box cavity
SCALING LAWS FOR ACCELERATING STRUCTURES 237
In the cylindrical coordinate system the em field distributions of T M mnl modes are:
Ez = coJm (U~n r) cos(m¢) cos (l~Z)
coR I (Umn ) ( (l1rZ)H</J = -jWmnlEoUmn Jm R r cos m¢)cos h








where Umn is the nth root of the Bessel function Jm(x). The resonant angular fre-
quencies of the T M mnl modes are determined by:
(9)
(10)
According to Reference 2 the power dissipation Pmnl, stored energy Umnl and quality
factor QO,mnl are expressed as:
P. - Rs,mw;'nlE5c51fR3J;'+l(umn) (R ~).
mnl - 2~u~n .. + 28
where
ZoR ((T)2 + (~)2) 1/2







c - {l,m#O (14)~ - 1/2,m=O
Rs,m and Zo are the metal surface resistance and vacuum impedance, respectively.
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3 SLOW WAVE STRUCTURE
J.GAO
If a chain of identical cavities are coupled together by the coupling apertures located
on the wall between two adjacent cavities passbands will be formed corresponding to
each resonant mode in a single cavity (passband with zero bandwidth is also a special
kind of passband). To treat this physical model properly, in the following, we will use
three important theories.
The first theory is so-called Bethe theory3 which states that an aperture is equivalent
to a combination of radiating electric and magnetic dipoles whose dipole moments
are proportional to the normal electric field and the tangential magnetic field of
the incident wave (before the aperture is opened), respectively.3 If the aperture is
small, static field solutions for the equivalent dipole moments of elliptic- and circular-
shaped apertures can be found by placing these kind of apertures in static electric and
magnetic fields. 4
1rlfe6
M 1 = 3(K(eo) _ E(eo)/LOH1
M - 1rlfe6(1 - e6) H





where EO and J.lo are the permittivity and permeability of vacuum. P and M I (M2 )
are the electric and magnetic dipole moments, respectively. Eo is the electric field
perpendicular to the surface of the ellipse, HI and H 2 are the magnetic fields parallel
to the major and minor axes of this ellipse before the aperture is opened. II and l2 are
the lengths of the half-major and half-minor axes, respectively (see Fig. 3). K(eo) and
E(eo) are complete elliptic integrals of the first and second kinds. Obviously, for eo
equal to zero, the aperture becomes circular with
2 3P = --a EoEo3
(19)
(20)
where a = II = l2. It should be mentioned that the apertures discussed above have
no volumes, only elliptic surfaces, and that all the quantities used in this paper are in
MKSunits.
The second theory is so-called Slater perturbation theory5 which relates the reso-
nant frequency change of a loss less resonant cavity to the energy change in the volume.




FIGURE 3: Coupling aperture
(21)
where Wo and ware the resonant frequency of one resonant mode before and after
being perturbed. U is the stored energy of this mode. ~Wm and ~We are time-average
electric and magnetic energy changes in the cavity volume. In the case of the coupled
cavity chain it is natural to conclude that energy changes are caused by the equivalent
dipoles which feel the em fields both in the cavity where they are located and in the
adjacent cavity.
The third theory is so-called Floquet theory (or theorem saying exactly) which
relates the em fields' amplitudes and phases at two locations seperated by one period.
F(r, z + D) = F(r, z)ej {3oD (22)
where F represents electric or magnetic fields, /30 is a real constant if losses are not
considered and 00 = /3oD is the mode of a travelling wave structure.
Based on these three fundamental theories one can readily get the passband dis-
persion relations corresponding to each resonant mode. In the following we consider
only the fundamental passband corresponding T Mala mode and the passband cor-
responding to T MIlO mode. In both cases we assume that the coupling aperture is
circular instead of elliptical (general formulae can be found in Ref. 6). For the T Mala
mode the amplitudes of the electric and magnetic fields at the center of the coupling
aperture (before it is opened) are Eo = co and H I ,2 = 0, and the coupling is affected
by electrical dipole only. The fundamental passband dispersion relation correspond-
ing to Fig. 1 is6
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(23)
2 2 ( Na3 EoE5)
W1r/ 2 ,e = wOlo 1 + 3U
OlO
(24)
where N is the number of the coupling aperture on the wall of single cavity and WOIO is
the T MOIO mode angular resonant frequency of the pill-box cavity before the coupling
apertures are opened. In the case shown in Fig. 1, N = 2 and one gets
2 2 ( 4a3cos(Oo) -a d)
W()o,e = W1r / 2,e 1 - 31fhR2ff(UOl) e e (25)
(26)
(27)
where A is the wavelength in free space and the subscript e is used to denote electric






The group velocity is
Vg,e _ ~ dW{}o,e _ w;/2,eKeD sin(Oo)
c - c df30 - 2cwOo,e
It is obvious that electric coupling corresponds to a forward travelling wave.
Now we are going to look at the passband corresponding to T MIlO mode in the
structure shown in Fig. 1. For the T MIlO mode the amplitudes of the electric and
magnetic fields at the center of the coupling aperture (before it is opened) are Eo = 0
and Ho = H I ,2 == WIIOEocoR/2uII, and therefore, the coupling is effected by magnetic
dipole. The dispersion relation of this passband is6
(31)
(32)
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(34)
(33)
where WIIO is the T MIlO mode angular resonant frequency of the pill-box before the
coupling apertures are opened. For N == 2 one has then
2 _ 2 ( 4a3 cos(Bo) -ahd)
w(Jo,h - w 1f / 2,h 1 + 37rhR2J?(uu) e
2 2 ( 4a
3
)
W1f / 2,h = wuo 1 - 37rhR2J?(uu)
(Xh = 2; ((3.~lJ 2 _ 1)1/2 (35)
where ,\ is the wavelength in free space and the subscript h denotes magnetic coupling.






The group velocity is
Vg,h ~ dW(}o,h W;/2,hKhDsin(Bo)
c c d(3o 2CW(}o,h
On the contrary to the electric coupling case, magnetic coupling corresponds to a
backward travelling wave. From Equations 29, 30, 37 and 38 it is obvious that K e ,
vg,e, K h and Vg,h scale with a3e-ae ,h d .
At the beginning ofthis section it has been assumed that the em fields on the surface
of the apertures are constant. When the dimension of the aperture is very large this
assumption will not be valid. To take the variations of the em fields on the surface of
the aperture into account, we take the average of the em fields over the surface of the
aperture. For the fundamental passband one takes
2coR J (UOI )-- I -a
aUOI R
For the first higher order mode passband corresponding to T MIlO mode one takes
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FIGURE 4: Comparison of K e between analytical and numerical results.
By inserting Equations 39 and 40 into Equations 23 and 31, respectively, one gets
improved expressions for K e and K h corresponding to Equations 29 and 37
(41)
(42)
To show the validity of Equations 41 and 42, comparisons are made between the
analytical and numerical calculation results7 using SLAC type 27r/3 mode structure's
parameters. Figures 4 and 5 demonstrate the validity of these analytical formulae.
Sometimes for some passbands on the coupling aperture there are both electric and
magnetic fields before the aperture is opened, and in this case the coupling is affected
by both fields. The resultant coupling coefficient K s is the sum of those of the electric
and magnetic couplings calculated independantly.








o numerical results .







FIGURE 5: Comparison of Kh between analytical and numerical results.
4 SHUNT IMPEDANCES AND WAKE POTENTIALS
The shunt impedance for the accelerating passband is defined as
E;,z
Rsh,L = dP/ dz
where Es,z is the amplitude of the synchronous accelerating electric field, and dP/ dz
is power dissipation per unit length. To get the analytical formula for the shunt
impedance we start with the calculation of the so-called maximum shunt impedance
RM,L which corresponds to the aperture radius a = O. In the following we take SLAC
type 21r/3 mode structure as an example to demonstrate the analytical method. When
a = 0 the electric field distribution E z (z) corresponding to the working mode is shown
in Fig. 6 where the coupling between cavities can be realised by any artificial method.










FIGURE 6: The electric field distribution Ez(z) corresponding to Oo=21r/3.
2 (3D 21r
Es,z = 3D J
o
Ez(z) cos(3Dz)dz = 'TJ27r/3 EO
where 'TJ21r /3 is expressed as
2 . 1rh 21r. 1rh 2d1r
'TJ21r/3 = ;(sIn(3D) +COS(3)(SIn([) + 3D)
. h1r 2d1r 3. (1rh)
- sIn(- + -))) = - SIn -3D 3D 1r 3D
Similarly, for the other modes of 00 we have
4 . (1rh)
'TJ1r/2 = ; SIn 4D
4 . 31rh 31r. 91rh 3d1r
'TJ31r/4 = 31r (SIn( 8D ) + cos(4 )(sIn( 8D + 4D)
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FIGURE 7: Comparison of Rsh,L between analytical and numerical results.
When D = 3.5cm and d = O.582cm from Equation 45 one gets 'f}21r/3= 0.73. It can
be proved that if 00 = p1r/ q where p and q are integers Equation 43 can be rewritten
as
(49)
= 1rRs ,oRJf(uOl)(R + h)
In practice, however, apertures have to be opened to let the charged particles passing
through, and therefore, the real shunt impedance is always less than RM,L. The
influence of the aperture can be considered as follows: outside the aperture region,
a ~ r ~ R, electric field varies approximately as Jo(~r). It is well known that the
synchronous accelerating electric field in the aperture region, 0 ~ r ~ a, is uniform.
From the condition of the continuity of the electric field on the common surface of





By inserting Equation 50 into Equation 49 one gets
2 UOI 2( a) ( )RSh,L(a) = RM,LJo(!fa) = RM,LJo 21r"A 51
Equation 51 gives the scaling law of the shunt impedance depending on the radius of
the beam path aperture a, which is more physical than the scaling law (a/A) -2.2 in
literatures. Fig. 7 shows the comparison between the analytical results from Equation
51 and the numerical results both taking the same stucture's parameters as those used
in the previous section.
The transverse shunt impedance of the passband corresponding to T MIlO mode is
defined as
(8Es,z )2 ( Es,z )2
RSh,T = k2%?/dz - k2dP/ dz
where k = 21r/ A. Similar to getting RSh,L one gets
( ) 2DZ51]~oJf(7ta)RSh,T a = 1rRs,la2k2Ji,(Ul1)R(R + h)
= RM,T (a~~l J1 (U~l a)r= RM,T (a~ Jl (21r~)r (53)
where
DZ5UII1]~
RM,T = 21rRs,lk2Ji(Ul1)R~(R + h)
The transverse shunt impedance Rsh,T of a deflecting travelling wave structure (cor-
responding to T MIlO mode) working at fo = 2856MH z and 00 = 21r/3 has been
calculated numerically7 and analytically using Equation 53. Fig. 8 shows the compar-
ison between the results of these two methods. The scaling law for the Rsh,T(a) is
shown in Equation 53.
The loss factor of the fundamental mode passband is defined as8
k ( ) = [Es,z(r = a)]2
o a 4dU/dz (55)
where dU/ dz is the stored energy per unit length. Similar to getting RSh,L' one obtains
D1]2 );2 ( Y=sll. a)
ko(a) = 2 ~R~J2( ) (56)E01r I UOI
The fundamental mode wake potential is
Wz,o(a, s) = 2ko(a) cos (Wo~,e s) (57)
where s is the distance between the driving charge and the test charge.
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FIGURE 8: Comparison of Rsh,T between analytical and numerical results.
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FIGURE 9: Comparison of Wz,o(s) (when s=o+) between analytical and numerical results.
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The loss factor of the T MIlO mode passband is defined as8
k ( ) == [Es,t(r == a)]2
1 a 4dUjdz
Similarly one gets
_ a2u~1 D'1J~o 2R U1I 2
k1(a) - 4 hR4J2( )(-J1( -Ra))
7rfo 2 U11 aU11





WT,l(a, s) = 2crokl(~) sint6s ,h s)(r'cos('l9) - Jsin('l9» (60)
W()s,ha C
where ro is the driving charge's transverse deviation from the axis and (}s,h is the
synchronous frequency at which the test charge moves at the same velocity as that of
the em wave. ifand J are unit vectors, and the driving charge is assumed to be at {) == o.
Figures 9 and 10 show the comparisons between the analytical results from Equa-
tions 57, 60 and those from numerical results9 for a SLAC type structure mentioned
above.
As far as scaling law is concerned, from Equations 57 and 60, one knows that
Wz,o(a,s) andW-L,l(a,s) scale with J§(21rajA) and (AJ1(21rajA)ja1r)2, respectively.
5 COUPLERCAVITY
The coupler cavity is the cavity which connects both the waveguide (working at H 10
mode) and the travelling wave structure as shown in Fig. 11. In the following we
assume that the waveguide-coupler coupling aperture is circular and the waveguide
is rectangular with its width and hight being A and B, respectively. According to the
general formulae in Reference 10 we have the coupling coefficient j3expressed as
16Z kk 6 H 2 -2ae t{3(al) == . ° 10ale e (61)
9AB(P + Ue,OlOV9 )e,010 he
where the subscript c denotes the coupler cavity, Pe,OI0 and Ue,OI0 are the power
dissipation and the energy stored in the coupler cavity before the three apertures
are opened, He is the magnetic field at the center of the waveguide-cavitY coupling
aperture before it is opened, k 10 == k(l - (Aj2A)2)1/2, t is the wall thickness between
waveguide and inner surface of the coupler cavity, and vg is the group velocity of the
travelling wave structure. Using Equation 10 and 11 we get
f3(a ) = 16ZokklOa~C2act
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FIGURE 11: Coupler cavity of a travelling wave structure.
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FIGURE 12: The dependence of the coupling coefficient {3 on the coupling aperture radius al.
It is obvious that {3(al) scales with a~e-2act. When vg = 0, Equation 62 reduces to
the formula corresponding to the case of a waveguide-single standing wave cavity cou-
pling system.II Fig. 12 shows the analytical results of the (3 corresponding to as-band
travelling wave structure. From Fig. 12 it is easy to understand the reason why in prac-
tice, usually, the coupling aperture is rectangular instead of circular remembering that
the hight of the standard S-band waveguide is 3.4 em. Fig. 13 and Fig. 14 demons(trate
the dependence of {3 on vg/c, t and al with the coupler dimensions as those shown in
Fig. 12.
The resonant frequency We of the coupler cavity after opening three apertures
shown in Fig. 11 should be the same as the working frequency Woo of the travelling
wave structure. According to Reference 6, we know that
(
22
2 2 2 1 3 ce,o 1 3 ce,O
We = WOo = We,OIO 1 + -3a2€O-U + -3 a €O-U
e,OIO e,OIO
2 3 H; 1 3 c~,O COS((}o)e- aed )
--alJ.-tO-- - -a €o----.,;....-----
3 Ue,OIO 3 Ue,OIO
(64)





















FIGURE 14: The dependence of the coupling coefficient {3 on the coupling aperture radius at and t with
V g / c=O.Oll.
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where We,OlO is the resonant frequency of the coupler cavity before the three apertures
are opened. After some trivial simplification we get
we define
2a3 4ay 2a3 cos(0o)e-aed )






From Equation 65 we have approximately
df 1 (2a~ 2a3
!c,OlO = 2 31rhcR~Jl(U01) + 31rhcR~Jl(U01)
4ay 2a3 cos((}o)e- aed )
- - (67)31rhcR~ 31rheR~Jf(uOl)
Fig. 15 shows the relative resonant frequency change df / fe,OlO due to the three
apertures located on the wall of the coupler cavity.
In the coupler cavity shown in Fig. 11 the coupling aperture on the side wall breaks
the cylindrical symmetry, and the charged particle passing through the coupler cavity
will get a transverse momentum kick. Here we use perturbation method to evaluate
the effect of the coupling aperture. The asymmetrical em fields produced by the
coupling aperture can be regarded as produced by equivalent electric and magnetic
dipoles. For the fundamental mode the electric field on the aperture surface is zero,
and therefore, only the equivalent magnetic dipole contributes to perturbation field.
Since the coupling aperture dimension (2al) and coupler cavity length (he) are smaller
than the working wavelength, the magnetic dipole and its field can be regarded as
static. The magnetic field B at the center of the cavity produced by the magnetic dipole
is, assuming that the magnetic field iiw in the waveguide has the same effect as that
of the magnetic field in the cavity.
- 3-B = _ M s = _ 8altLOH</> (Re )
41rR~ 31rR~
where £Is inEq. 68 is four times larger than that in Eq. 204 , and ii</>(Re)is the magnetic
field on the surface of the coupling aperture before it is opened. The transverse
momentum gain of a charged particle moving with v = c along the axis after passing
through the coupler cavity due to this magnetic field is
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FIGURE 15: The resonant frequency change due to three apertures.
FIGURE 16: The shift of the coupler cavity axis.
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(69)8ehcafEo sin(q> )J1(U01)31rR~
where r' == dr / dz, Eo is the accelerating electric field on the axis and q> == 0
corresponds to maximum acceleration. In order to reduce the influence of the coupling
aperture one can shift the axis of the coupler cavity as shown in Fig. 16. On this new
axis the total magnetic field is zero. It is trivial to find that the axis shift Dr satisfies the
following equation:




8r = 31T R
c
J1(UOl)
When 8r is small one has
D - 16afJ1(uOl)
r - 31rU01R~
If the coupling aperture is elliptic, Equation 71 is replaced by two formulae
8
r
1 = 4l~e~J1 (uod
, 3(K(eo) - E(eO))uOIR~
D - 4lre6(1 - e6)J1 (UOl)





where Dr,l and Dr,2 correspond to the cases with magnetic fields parallel to the major
and minor axes of the elliptic aperture, respectively. To check the validity of the ana-
lytical formulae we take the input and output couplers of LIL accelerating structure
(which is used as injector for LEP at CERN) as examples. The input coupler cavity
radius Rc == 3.774 cm and the coupling aperture is 3.4 cm wide and 2.98 cm high. The
magnetic field on the aperture surface is parallel to the edge of 2.98 cm. By replacing
this rectangular aperture by a circular one (a == (3.4 * 2.98/1r)1/2) and using Eq. 71
we get Dr,in == 1.5 mm. The experimental result turned out to be 1.88 mm. The output
coupler cavity radius Rc == 3.76 cm and the coupling aperture is 3.4 cm wide and 2.34
cm. high. The magnetic field on the aperture surface is parallel to the edge of 2.34
cm. By replacing this rectangular aperture by a circular one (a == (3.4 * 2.34/1r)1/2)
and using Eq. 71 we get Dr,out == 1.03 mm. The experimental result turned out to be
1.13 mm.
6 MULTI-PERIODIC STRUCTURE
The methods used in section 3 can be easily extended to the case of a multi-periodic
stucture. Assuming that a travelling wave structure is constructed by cascading basic
identical structures instead of by identical single cavities, and each basic structure
is composed of no cavities as shown in Fig. 17. Each basic structure plays a role as
that of the single cavity shown in Fig. 1. The difference is that for a structure of no
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FIGURE 18: The dispersion curve of the multi-periodic structure.
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cavities there are no modes corresponding to each single cavity mode (TM mnl or
TEmnl ). Corresponding to each TMmnl or TEmnl single cavity mode, one knows
that there are no discrete modes (denoted by TMmnl,no or TEmnl,no) for the basic
structure which is composed of no cavities. If a periodic structure is built by introducing
coupling between basic structures, the passband will be composed of no sub-passbands
corresponding to each T Mmnl,no or T Emnl,no mode shown in Fig. 18, and the sub-
stopbands will appear if the cavity dimensions and the couplings are not properly
chosen. In Reference 12 a multi-periodic structure with no = 4 has been calculated,
and two stopbands at 1f/ 4 and 37r/ 4 have been found. The stopband at 1T/2 was,
however, disappeared due to the special choice of the cavity dimensions.
From the general theory given in Reference 6 it is known that the quantity which
is important to determine the bandwidth of each sub-passband is E 2 /Umnl ,no or
H 2 /Umnl ,no' where E and H are the electric and magnetic fields on the surface of
the coupling aperture between two basic structures before it is opened, and Umnl,no
is the energy stored in each basic structure corresponding to T Mmnl,no or T Emnl,no
mode.
7 CONCLUSIO'N
The formulae developed in this paper reveal explicitly the relations between the
structure geometry and the structure's properties, such as dispersion relation, group
velocity, shunt· impedances, wake potentials and the coupling coefficient between a
waveguide and the travelling wave structure, etc. The scaling laws derived in this paper
are very useful for estimating the performance of a new accelerating structure starting
from that which is already well known. Since it is the perturbation method which has
been used, the validity of these formulae will be reduced when the dimension of the
coupling aperture is too large compared with wavelength. Generally to say, however,
when a/,,\ ~ 0.15 these formulae give the results with quite good precision.
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